Two Theorems about Equationally Noetherian Groups  by Baumslag, Gilbert et al.
 .JOURNAL OF ALGEBRA 194, 654]664 1997
ARTICLE NO. JA977025
Two Theorems about Equationally Noetherian Groups
Gilbert Baumslag* and Alexei Myasnikov²
Department of Mathematics, City College of New York, Con¨ent A¨enue at 138th Street,
New York, New York 10031
and
Vitaly Roman'kov³
Omsk Uni¨ ersity, pr. Mira 55-A, 644077, Omsk, Russia
Communicated by Efim Zelmano¨
Received December 23, 1996
An algebraic set over a group G is the set of all solutions of some system
  .  :4f x , . . . , x s 1 N f g G) x , . . . , x of equations over G. A group G is equa-1 n 1 n
tionally noetherian if every algebraic set over G is the set of all solutions of a finite
subsystem of the given one. We prove that a virtually equationally noetherian
group is equationally noetherian and that the quotient of an equationally noethe-
rian group by a normal subgroup which is a finite union of algebraic sets is again
equationally noetherian. On the other hand, the wreath product W s U X T of
a non-abelian group U and an infinite group T is not equationally noetherian.
Q 1997 Academic Press
1. INTRODUCTION
Let G be a group, let F be the free group, freely generated byn
x , . . . , x , and let1 n
w xG x , . . . , x s G) F1 n n
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be the free product of G and F . We use functional notation here,n
w xdenoting an element f g G x , . . . , x by1 n
f s f x , . . . , x s f x , . . . , x , g , . . . , g 1 .  .  .1 n 1 n 1 m
w xthereby expressing the fact that the word representing f in G x , . . . , x1 n
involves the ¨ariables x , . . . , x and, as needed, the constants g , . . . , g g1 n 1 m
G. We term
¨ s ¨ , . . . , ¨ ¨ g G 2 .  .  .1 n i
a root of f if
f ¨ s f ¨ , . . . , ¨ , g , . . . , g s 1. .  .1 n 1 m
w xIf S is a subset of G x , . . . , x then ¨ is said to be a root of S if it is a1 n
w xroot of every f g S. Let S be a subset of G x , . . . , x . The algebraic set1 n
o¨er G defined by S, or, more simply, the algebraic set defined by S, is then,
 .by definition, the set V S of all roots of S:
V S s ¨ s ¨ , . . . , ¨ ¨ g G, f ¨ s 1, for all f g S . .  .  . 41 n i
We term the group G equationally noetherian if for every choice of the
w xinteger n and every subset S of G x , . . . , x1 n
V S s V S , .  .0
where S is a finite subset of S. If there is any ambiguity as to which group0
G is involved in any algebraic set under consideration, then we use the
 .notation V S to emphasize the fact that the algebraic set is over G.G
These notions are introduced and studied in Baumslag, Miasnikov, and
w x  w x.Remeslennikov 1 see also 2 .
The object of this note is to prove the following two theorems.
THEOREM 1. Let G be a group and suppose that G contains a subgroup H
of finite index which is equationally noetherian. Then G is also equationally
noetherian.
w xTheorem 1 answers a question raised by Roger Bryant 3 .
THEOREM 2. Let G be equationally noetherian and let N be a normal
subgroup of G which is a finite union of algebraic sets o¨er G. Then GrN is
also equationally noetherian.
Every singleton of a group G is an algebraic set. So it follows, in
particular, that the quotient of an equationally noetherian group by a
finite normal subgroup is again equationally noetherian. In addition, it
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follows also that the quotient of an equationally noetherian group by a
normal subgroup which is an algebraic set is equationally noetherian. Now
 .the center z G of G is the set of roots of the system of equations
w xS s g , x g g G . 4
 .Consequently z G is an algebraic set. So, by Theorem 2, we find
 .COROLLARY 1. If G is equationally noetherian, then so too is Grz G .
The converse of Corollary 1 is false. We shall give an appropriate
example in Section 4. In fact groups which are not equationally noetherian
are not hard to come by. A whole family of them is provided by the
PROPOSITION 1. Let U be any no-abelian group and let T be infinite. Then
the wreath product W s U X T is not equationally noetherian.
Some additional examples are described in Section 4, one of which
w xsettles another question of Roger Bryant 3 .
2. THE PROOF OF THEOREM 1
w xWe recall first from 1 that every subgroup of an equationally noethe-
rian group is equationally noetherian. So, replacing H by the intersection
of its finitely many conjugates in G, we can assume that H is normal. Now
G embeds in the wreath product W s H X T , where T s GrH see, e.g.,
w x. < <4 . W is the semidirect product of T and the direct product of T copies
of H. Now the direct product of a finite number of equationally noethe-
w xrian groups is equationally noetherian 1 and, as noted above, subgroups
of equationally noetherian groups are equationally noetherian. Thus it
suffices to prove that a group which splits over an equationally normal
subgroup of finite index is again equationally noetherian. So we can
assume that G is of the form
G s TH T finite, H normal in G, T l H s 1 . .
Notice then that every element g g G can be uniquely written in the form
 . ng s ta t g T , a g H . Suppose that ¨ g G . Then ¨ can be expressed as
¨ s s a , . . . , s a s g T , a g H . 3 .  .  .1 1 n n i i
w x   .. Consider now a word f g G x , . . . , x see 1 . If g s r b r g T ,1 n i i i i
 ..b g H i s 1, . . . , m , theni
f ¨ s f s a , . . . , s a , r b , . . . , r b . .  .1 1 n n 1 1 m m
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 .We re-express f ¨ in the form ta by successively moving the various
occurrences of the elements of T across to the left of the word, starting
with those elements which occur furthest to the left. If we keep track of
the words that result from this process, we see first that
t s f s , . . . , s , .1 n
 .  .where f x , . . . , x s f x , . . . , x , r , . . . , r is obtained from1 n 1 n 1 m
 .f x , . . . , x by replacing each of the constants g s r b in f by the1 n i i i
 . w xconstants r . In particular, f x , . . . , x g T x , . . . , x . We need to elab-i 1 n 1 n
orate on the form that we concoct for a. Suppose, first of all, that
 4T s t s 1, . . . , t . We then put1 l
a j s ty1a t i s 1, . . . , n , j s 1, . . . , l .i j i j
j  .and introduce nl variables y i s 1, . . . , n, j s 1, . . . , l in a one-to-onei
correspondence with the set of a j. Consider now what happens when wei
start moving the elements of T across to the left hand side of
f s a , . . . , s a , r b , . . . , r a . .1 1 n n 1 1 m m
Every time we move an element of t g T past a b we replace it byi
ty1 b t g H. The first time we move an element t g T past an a , wei j i
replace a by a j. If we next have to move t past a j, then we replace a j byi i k i i
a p, where t s t t . At the end of this process, we replace all occurrencesi p j k
of the a which have not been changed, by a1.i i
The net result of this discussion is that we have defined a word,
depending on f and ¨
X 1 l 1 lf g H y , . . . , y , . . . , y , . . . , y ,¨ 1 1 n n
which has the form
f X s f 9 y1 , . . . , y l , . . . , y1 , . . . , y l , c , . . . , c c g H . .¨ 1 1 n n 1 ml j
such that
a s f X a1 , . . . , al , . . . , a1 , . . . , al , c , . . . , c .¨ 1 1 n n 1 ml
notice that we have taken advantage of the fact that the conjugates c ofk
the b that arise from the right-to-left collecting process are contained ini
the set of all of the conjugates of the elements b , . . . , b by all of the1 m
.elements of T .
We have also defined an nl-tuple
¨ 9 s a1 , . . . , al , . . . , a1 , . . . , al g H nl , .1 1 n n
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which depends only on ¨ . If we think of ¨ g Gn as given and the elements
w xof G x , . . . , x as variables, then ¨ gives rise to the function1 n
d
X w x: f ¬ f f g G x , . . . , x . .¨ nd¨
w x w 1 l 1 l xObserve that drd¨ maps G x , . . . , x into H y , . . . , y , . . . , y , . . . , y .1 n 1 1 n n
 .For ¨ s s a , . . . , s a , where s g T , a g H, we define1 1 n n i i
l ¨ s s , . . . , s . .  .1 n
Now we can summarize some of the discussion above as
LEMMA 1.
X 1 l 1 lf ¨ s f s , . . . , s f a , . . . , a , . . . , a , . . . , a , c , . . . , c .  .  .1 n ¨ 1 1 n n 1 ml
i.e.,
f ¨ s f l ¨ f X ¨ 9 . .  .  . . ¨
If we review the way in which f X is defined, then we find that¨
X  .LEMMA 2. If word f depends only on l ¨ .¨
We will adopt the notation
df df
Xf s s¨ d¨ dl ¨ .
which is unambiguous, in view of Lemma 2. It follows then from Lemma 1
that
w x nLEMMA 3. Let f g G x , . . . , x and let ¨ g G . Then ¨ is a root of f if1 n
 .  .and only if l ¨ is a root of f and ¨ 9 is a root of dfrdl ¨ .
We come now to the proof of Theorem 1. To this end, suppose that S is
w x  .a subset of G x , . . . , x and V S is the algebraic set defined by S.1 n
According to Lemma 3 for any ¨ g Gn we have
dS
¨ g V S m l ¨ g V S and ¨ 9 g V , 4 .  .  .  .G T H  /dl ¨ .
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where here
w xS s f N f g S : T x , . . . , x , 4 1 n
dS df
w xs f g S : H x , . . . , x .1 nl 5dl ¨ dl ¨ .  .
w x  .  .A finite group T is equationally noetherian 1 ; hence V S s V S forT T 0
some finite subset S g S. The group H is also equationally noetherian, so0
 .for every l g V S there exists a finite subset R : S such thatT l
dR dSl
V s V . 5 .H H /  /dl dl
Put
S s D R l g V S . . 41 l T
 .  .S is a finite subset of S because V S is finite. We claim that V S s1 T G
 .  .V S j S . Indeed, if ¨ g V S j S , then by Lemma 3G 0 1 G 0 1
l ¨ g V S s V S , 6 .  .  . .T 0 T
 .and hence ¨ g V R by the choice of S . It follows, again by Lemma 3,G l¨ . 1
that
dR dSl¨ .¨ 9 g V s V . 7 .H H /  /dl ¨ dl ¨ .  .
 .  .  .  .Now, from 6 , 7 , and 5 we see that ¨ g V S . The reverse inclusionG
 .  .V S j S : V S is obvious. This completes the proof of Theorem 1.G 0 1 G
3. THE PROOF OF THEOREM 2
Our objective now is to prove that if G is an equationally noetherian
group and if N is a normal subgroup of G that is a finite union of
algebraic sets in G, then H s GrN is equationally noetherian. Suppose
that H is not equationally noetherian. Then there exists an integer n and
w xa subset S of H x , . . . , x such that1 n
V S / V S .  .H H 0
for every finite subset S of S. Let f be any arbitrarily chosen element of0 0
S. Then
V S / V f . .  .H H 0
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 .  .So there exists ¨ g V f and an element f g S such that f ¨ / 1.1 H 0 1 1 1
Similarly,
V S / V f , f . .  .H H 0 1
 .Hence there exists ¨ g V f , f and an element f g S, such that2 H 0 1 2
 .f ¨ / 1. In this way we concoct an infinite sequence f , f , f , . . . of2 2 0 1 2
elements of S and an infinite sequence ¨ , ¨ , . . . of elements of H n, such1 2
that
¨ g V f , . . . , f and f ¨ / 1 in H . 8 .  .  .i H 1 iy1 i i
 .Notice that, in particular, f ¨ s 1 for all i. Now let f be the homomor-0 i
w x w xphism of G x , . . . , x onto H x , . . . , x which maps G canonically onto1 n 1 n
H and each x to itself and let u be the map of Gn onto H n whichi
extends the canonical homomorphism of G onto H. Choose, for each m, a
mpre-image f of f under f and a pre-image ¨ in G of ¨ .m m m m
Now N is a finite union of algebraic sets, say
N s V S j ??? j V S . .  .G 1 G p
The group G is equationally noetherian, therefore we can assume that all
w xthe sets S : G x are finite. Note that words in S have at most onei i
variable.
 .  .  .Consider now the set f ¨ , f ¨ , . . . , f ¨ , . . . of values under f of0 1 0 2 0 m 0
the elements ¨ . Then all of these elements lie in N. Hence we can findm
 .  .an infinite subsequence i 0 - i 0 - . . . of the sequence 1, 2, . . . such1 2
 .  .that the elements f ¨ all lie in the same algebraic set, say V S0 i 0. G pm 0
  4.here p g 1, . . . , p . Thus the values of f on these elements are roots0 0
of the finite set S . Therefore, for m s 1, 2, . . .p0
¨ g V S f , . /i 0. G p 0m 0
 . w xwhere S f is the finite subset of G x , . . . , x defined asp 0 1 n0
S f s s f s g S . .  . 5p 0 0 p0 0
Consider now f . Since f takes on the value 1 at each of ¨ ) 1, all1 1 i 0.m
of the images of this elements ¨ under f lie in N. Therefore there isi 0. 1m
 .  .   .4an infinite subsequence i 1 - . . . - i 1 . . . of i 0 such that f takes1 m m 1
 .on values from one and the same algebraic set, say V S , at eachG p1
element ¨ . Again, if we definei 1.m
S f s s f s g S , .  . 5p 1 1 p1 1
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then for any m
¨ g V S f . . /i 1. G p 1m 1
Continuing in this way we arrive, at the k th stage at an infinite subse-
 .  .   .4quence i k - i k - . . . of the previously defined sequence i k y 11 2 m
 .such that f takes on values from an algebraic set V S , for some fixedk G pk
 4p g 1, . . . , p , at every ¨ . We then definek i k .m
S f s s f s g S , .  . 5p k k pk k
and observe that for any m
¨ g V S f . . /i k . G p km k
Consider now the set
T s D S f k s 0, 1, . . . . 5p kk
w x nof elements of G x , . . . , x . By our construction for any ¨ g G1 n
¨ g V T « f ¨ s 1 in H k s 0, 1, 2 . . . . 9 .  .  .  .G k
 .  .Since G is equationally noetherian, V T s V T , where T is a finiteG G 0 0
subset of T. We can assume that
T s S f j ??? j S f , .  .0 p 0 p l0 l
for some finite l. Notice that
¨ g V S f j ??? j S f , .  . /i k . G p 0 p lm 0 l
 .  .whenever k G l. But then for m s i l we have ¨ g V T . This implies0 1 m G 00
 .  .that ¨ g V T . Therefore by 9m G0
f ¨ s 1, .m m0 0
  ..which contradicts the choice of the element ¨ see 8 . Thus we havem0
arrived at a contradiction which completes the proof of the theorem.
4. SOME EXAMPLES
Our first objective now is to prove Proposition 1, which was formulated
in Section 1. Suppose then that W s U X T is the wreath product of a
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non-abelian group U by an infinite group T. Let B be the normal closure
w xof U in W and let S be the following subset of W x :
xw xS s a, b a, b g B . 4
 .Since U is non-abelian and T is infinite, V S is empty. To see this,
observe that if x is a root of S, then x s tc, where t g T and c g B. Now
choose u and ¨ to be two elements of U which do not commute. Then
y1 y1u , tc tc¨ tc tc / 1 .  .
contradicting the fact that x s tc is a root of S. On the other hand if S is0
a finite subset of S, then there are only finitely many elements of B and T
that arise in S . Since T is infinite and all of the elements a and b are0
contained in B, there exists an element t g T such that the supports of all
of the conjugates bt of all of the elements b that occur in these finitely
many equations are disjoint from the supports of each a, which implies
that every such a commutes with every bt. This completes the proof of
Proposition 1.
In particular, we have
EXAMPLE 1. The wreath product of the symmetric group of degree
three S by an infinite cyclic group C is not equationally noetherian.3
w xSince any direct power of a finite group is equationally noetherian 1 , it
follows that even a split extension S X C of an equationally noetherian3
group [` S by an equationally noetherian group, indeed an infinite3is1
cyclic group C, is not always equationally noetherian, in contrast with
Theorem 1.
w xNow Roger Bryant 3 has proved that a finitely generated abelian-by-
nilpotent group is equationally noetherian. Notice that, by Proposition 1,
the wreath product of the quaternion group of order 8 by an infinite cyclic
group is not noetherian, i.e., there exits finitely generated nilpotent-
by-abelian groups which are not equationally noetherian. This answers
another of Bryant's questions.
 .Now we will construct an example of a group G, with the center z G of
 .order p, such that G is not equationally noetherian but Grz G is
equationally noetherian.
EXAMPLE 2. Let p be any given prime and let G be the group
presented as
 ym m ym m pw x w x w x w xG s t , a, b , c ; t at , t bt s c, t , c s a, c s b , c s 1, c s 1
w ym m yn n x w ym m yn n xt at , t at s t bt , t bt s 1
ym m yn n :w xall integer m , n , t at , t bt s 1 m / n . .  .
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 .Here C s gp c is the center of G and it has order p. Notice that
GrC , Z 2 X Z. Consequently, GrC is equationally noetherian because it
w xis linear 1 . To see that G is not equationally noetherian, consider the
subset
nzS s x , y n s 0, 1, . . . . 5
w xof G x, y, x . Suppose that
V S s V S , .  .0
where S is a finite subset of S. Then we can assume without any loss of0
generality that
nzS s x , y n s 0, 1, . . . , k . . 50
But x s a, y s tyky1bt kq1 and z s t is a root of S but not a root of S.0
So G is not equationally noetherian, as claimed.
 .In conclusion we will construct an example of a restricted direct
 .product P of finite hence equationally noetherian groups which is not
equationally noetherian. We prepare the way by first observing that the
following lemma holds.
LEMMA 4. Let
nzS s x , y n s 0, 1, . . . . 5
and let G s S X C , where C is a cyclic group of order n and let H s S X C.3 n n 3
Then
 .  .1 the algebraic sets V S cannot be defined by a subset of S with fewerG
than n elements;
 .  .2 the ¨ariety V S cannot be defined by any finite subset of S.H
The proof of Lemma 4 is analogous to the proof in Example 2 and will
therefore be omitted.
Finally we have the following
EXAMPLE 3. Let P be the restricted direct product of the groups
S X C ,3 n
`
P s S X C , 3 n
ns1
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and let
nzS s x , y n s 0, 1, . . . . . 5
 .Then the algebraic set V S cannot be defined by any finite subset of SP
and so, in particular P is not equationally noetherian.
 .  .It suffices here to note that if V S s V S for some finite S : S,P P 0 0
 .  .then V S s V S for any direct factor G s S X C of P. This,G G 0 n 3 nn n
however, is impossible by Lemma 4.
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